Abstract. In this paper, we generalize some results related to the congruence subgroups of modular group ; given in [7] and [6] by Kiming, Schütt, and Verrill, to the extended modular group :
INTRODUCTION
The modular group D PSL.2; Z/ is the discrete subgroup of PSL. respectively (in this work, we identify each matrix A in GL.2; Z/ with A, so that they represent the same element of P GL.2; Z//: Thus the modular group D PSL.2; Z/ is a subgroup of index 2 in the extended modular group˘. Let us define˘m as the subgroup generated by the m th powers of all elements of˘; for some positive integer m. The subgroup˘m is called the m th power subgroup of˘. As fully invariant subgroups, they are normal in˘: The most important of the congruence subgroups of˘arȇ
From [9] , it is known that
Also, it is clear that˘1.N / C˘0.N / and for N > 2;ˇ˘0.N / W˘1.N /ˇD '.N /=2 where ' is the Euler Phi function (for the index 1 .N / in 0 .N /, see [4] ).
On the other hand, in [7] and [6] , Kiming Schütt, and Verrill studied lifts of projective congruence subgroups. Now, we recall the following information from [7] . For a subgroup of SL.2; Z/ denote by the image of in PSL.2; Z/. A lift of is a subgroup of SL.2; Z/ that projects to in PSL.2; Z/. A lift is called a congruence lift if it is a congruence subgroup.
In [7] and [6] , the authors gave some consequences of their main results for the groups generated by squares of elements in congruence subgroups. These results are The congruence and principal congruence subgroups (especially,˘.2/; .2/; 0 .N / and 1 .N // of and˘have been studied from various aspects in the literature, for example, number theory, modular forms, modular curves, Belyi's theory, graph theory, (please see [1] , [2] , [3] and [8] ).
In this paper, we generalize the above results related with congruence subgroups of , given in [7] and [6] ; to the extended modular group˘:
SQUARES OF CONGRUENCE SUBGROUPS OFF
rom [5] , if N > 2 then˘.N / D .N / and so˘.N / 2 D .N / 2 : Thus, if N > 2 then˘2.N / is not a congruence. Also; from [10] and [5] ,˘2.1/ D˘0 and˘.6/ Ä 2 .1/ and so˘2.1/ is a congruence subgroup. Therefore we need the following theorem.
Proof. We know that the group structure of˘.2/ is . Now we present some results related with the congruence subgroups˘0.N / and 1 .N / of˘. To do this, we suppose that
2/ D< TR; RS T S; RS
is an element of 0 .N /: Then
is an element of˘0.N /: Therefore 
